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ENCLOSURE 2

REBUTTAL

[Prof. Fokke]
Aachen University of Technology (RWTH)

This rebuttal is concerned with the manuscript by [Sukke] : "Remarks on the
Applicability of the Fokker-Planck Method".

Contrary to [Sukkes] claim of being in "Severe conflict with the very fundamentals of
F-P theory", the statement in [1], [9, 385]

"The statistics of the process d(t) can be determined ifrom the IF-P equation
provided that we can justfy the condition that ¢ s approximately  Markov.
Stratonovich shows in [60 po 89 ] that an approximate [F-P equation can be
obtained if the correlation tine of the noise process is much shorter than thar of
G(t). No assumption s made on the ampiitude disteibntion. e nft:d) need no
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be Gaussian. This 1s tmportant in this paper since nf{t:d) is ciearly non-Ciaussian.”

is correct. s a consequence the application of the Fokker-Planck method in ihe papers

cited by [Sukke] is also correct.

It is straightforward to show that the above statement is consistent with Stratonovich’s

theory. We consider cquation 4.130 in [6] which is reproduced here for convenience.
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. . . 2 . . .
It is evident that &, ~ 7, while &, ~ (Tcor) » where 7. is the correlation time of

£(t). In order to obtain the white noise limit the noise process £(t) must be properly
scaled. Using the amplitude and time scaling we introduce the process n(t,¢)

! -2
n(t,e) := 7 {(te)
which has correlation time T, = czrc or The coefficients Ky and Ky of the process n(t,e)
are given by
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The following simple, but crucial observations can be made:
1) iy is independent of ¢ It equals the power specnrai density of &(1)

(or n(t.e)), at w = 0, i.e., Sn(ar:O) = S (w=0). !
S

ii) Kq depends on ¢, i.e., the correlation time of the process

iii) By the same reasoning it immediately follows that all higher coefficients of
n(t,e), K 1> 3, are ~ c‘_2, i > 3.

! Note that the amplitude scaling is necessary to keep the power spectral density

Sn(w=0) independent of the scaling parameter ¢ If 7 = Rg(O) is kept constant, both

Ky and Ko vanish as rn——oO, i.e., we obtain the noiseless limit.
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For wide band noise (¢e<<l1) we approximate the physical process n(t,e) by its white
noise limit. Provided the limit for e—0 exists we obtain,

Ky = Sﬁ(w=0)
K, =0
c =0

Thus, all higher intensity coefficients K, 123, as well as the additional terms in the

Statonovich expansion are negligible for the white noise approximation. We obtain

1 a
I(1=f+2-S£(w=O)ga§5, e—0
- 2
I\2== Sg(w=0) g
K =0, i >3

which are the coefficients of the Fokker-Planck equation.

Gencerality of the result

All that was needed in the straightforward derivation was. basically, a scalable process

n(t,e) with some finite correlation time ™= CTeor The resuit is indeed independent

of the amplitude distribution of n{t,¢). [Sukkes] claim of fundamental errors in [1]
and [9] and all subsequent papers is based solely on some numerical examples which

show that s, and x, are in the same order of magnitude and thus appear to contradict

2 3
the above claimed generality. The elementary mistake made by [Sukke] was to

compute s, and Ky for a fixed value o° = R€(O) and one value of Teor (erroneousty)

2
claiming generality of the result. However, it follows from equation (eq R1) that anv
numerical ratio of K,2/K,3 can be obtained, depending on e.
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Jump processes

The question might arise whether noise processes exist at all for which the higher order
intensity coefficients do not disappear as the process becomes white. The answer is
affirmative. An example of such a process is impulsive (Poisson) noise. This type of
noise leads to discontinuities (jumps in ®(t)) and is excluded in Stratomovich's theory
which explicitly assumes some finite correlation time of the process £(t). The question
of an approximate Fokker-Planck equation (diffusion approximation) must indeed be
justified by fundamentally different reasoning in this case.

Scanning the literature

The results and conclusions stated in this rebuttal are by no means new. They have
been well known to serious professionals for many years. The independence of the
amplitude distribution is explicitly stated in standard textbooks, see for example [Gar,
pp. 210 - 215]. In the same book Markov jump processes are discussed in detail. In
the paper by Kushner [Kus] a rigorous treatment of the wide band noise
approximation can be found. The mathematically interested reader will already be
familiar with the recent and very readable paper by van Kampen [Kam]. Be it
sufficient to mention that all the references known to this author are consistent with

the pioncering work of Stratonovich in the white noise limit.
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